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(2)
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Example 5

Let V = P(R) with the inner product (f(z),g(z)) = _f_llf(t:]g(t:] dt, and
consider the subspace Py( /) with the standard ordered basis 5. We use the
Gram Schmidt process to replace # by an orthogonal basis {vy,vs,v5} for
Ps(R), and then use this orthogonal basis to obtain an orthonormal basis for

Pa(R).
1 1
Take vy = 1. Then |v]|? = [ 12dt = 2, and (z,v) = / t-1dt = 0.
J-1 J—1
Thus

N {ﬂ'l !‘T>
o ]|?

- T —

[ ]
B

My =T
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Furthermore,

1 1
{$2,U]>: [ tz-ldtzg and (.TQ:'UQ):f t2-tdt = 0.
J—1 —1

Therefore

L, @) (et

g — 1 L)
[[os]|? [|w2]|?
1
S 3 1-0-z
1
_ 2 _

We conclude that {1,z,z% — 1} is an orthogonal basis for Py(R).

To obtain an orthonormal basis, we normalize v, v9, and v3 to obtain

IS S
fza V2

U1 =

Uz

T \/§
= —_— = I,
VL 2t 2
Ug = = 4/= (3" —1).
*= Tal VR

Thus {uy,us, ug} is the desired orthonormal basis for Po(R). 4

and similarly,




Example 6

We use Theorem 6.5 to represent the polynomial f(z) = 1+ 2z + 322 as
a linear combination of the vectors in the orthonormal basis {ul,ug,ug} for

P2(R) obtained in Example 5. Observe that

|
{f(:::}.,m}:_/_lﬁ(1+2t+3t2)dt:2\.@,

1
<f($}7u2}:-/_1 @t(1+2t+3t2)dt:%ﬁ,

and
1
(f (@), us) = ] \/g{?-tz —1)(1+ 2t + 3t%) dt = @ _
—1
Therefore f(z) = 2v2u; + 2\?:’,6 - Q\QE .

Example 10
Let V = P3(R) with the inner product

0N = [ 700t for al 1), ) € V.

We compute the orthogonal projection fi(z) of f(z) = z* on Po(R2).
By Example 5,

{11, 9, ug) = {%,\/gz,\/g(gzz _ 1)}

1s an orthonormal basis for PQ[R:}. For these vectors, we have

1 1
() = [ Bde=0,  (f(a)w) =[1t3\/§tdt= v

and
NP
{f(:r}ﬁus}—]_lt g (3 —1)dt=0.

Hence

fi(z) = (f(z), w1) wr + (f(x), ua) ua + (f(x), ug) ug = gz- .
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